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THE DIELECTRIC CONSTANT OF THE TIP4P AND 
SPC POINT CHARGE MODELS FOR WATER AT 

ORDINARY AND HIGH TEMPERATURES 

HEATHER GORDON and SAUL GOLDMAN 

Guelph- Waterloo Centre for Graduate Work in Chemistry, Guelph Campus, 
University of Guelph, Guelph, Ontario, Canada NlG 2 W l  

(Received July 1988) 

We report results for the dielectric constant of TIP4P and SPC water from Monte Carlo simulations at 
elevated temperatures. The dielectric constants from these simulations, which are much less time-consu- 
ming than those carried out at room temperature, can nevertheless be reliably extrapolated to room 
temperature. We find that the temperature-dependence of the Kirkwood g-factor, g,, of the TIP4P model 
is qualitatively the same as that of real water. 

KEY WORDS: Dielectric constant, high temperature, water, point charge models, Monte Carlo simula- 

INTRODUCTION 

tion 

Chemists like point-charge models for water [l-61. This is because they are well-suited 
for simulations and they more accurately represent the structural, dynamic, and 
thermodynamic properties of real water than do the older point-multipole models 
such as the Stockmayer [7] and generalized Stockmayer [8] models. For example, the 
ST2 [3 ,  93, TIP4P [5,  91 and SPC [6, 91 models all predict roughly the correct number 
of nearest neighbours (4-6) while the Stockmayer-like models behave much like 
non-polar liquids in this regard; they predict -9-12 nearest neighbours in the liquid 
at ordinary conditions [lo]. 

The application of point-charge models to electrolyte systems frequently requires 
a knowledge of their static dielectric constant, E .  For example, the lack of a correct 
value for E for the SPC model led to an overly compact picture of a micelle in a fairly 
recent study [l 1, 121. Again, the discovery that E for the original MCY water model 
was only 35 at 19OC [I31 led (among those who were aware of this result) to its 
abandonment as a model for the aqueous environment of electrolytes. Our interest in 
E values for these models derives from our work on polyelectrolytes. We are in the 
process of obtaining counterion distribution functions near high charge-density poly- 
electrolytes where the ions are dissolved in SPC water. We will compare our results 
to what arises from a continuum model for this solvent; the continuum solvent is 
manifest only through its coulombic screening, the extent of which is controlled by its 
value of E .  

A long-standing impediment to determining E for strongly polar fluids by simu- 
lations stems from the significant effect of distant particles on the fluctuations in the 
dipole moment of the central simulation cell, and hence on E (equation (1) below). 
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178 H. GORDON AND S .  GOLDMAN 

Two approximations designed to include long-range effects are the Reaction Field 
(RF) [I41 and the Ewald Sum (EW) methods [15, 161. Briefly, the R F  approach 
replaces distant particles, i.e. those beyond a cutoff distance R , ,  by a dielectric 
continuum. The presence of this continuum at distances beyond R,,  is explicitly 
brought into the potential energy through classical electrostatics. In the EW method, 
the central simulation cell is surrounded by an infinite number of identical cells. Then 
lattice vector sums are taken sequentially over spherical shells of an infinite spherical 
lattice surrounded by a continuum of infinite dielectric constant E ‘ .  This choice of e’ 
for the external environment is (colloquially) referred to as “tin foil boundary con- 
ditions.” 

Until recently, it was believed that the R F  and EW approximations gave different 
values for E .  Therefore, this field owes much to Neumann and Steinhauser [ 16, 171 who 
showed conclusively that for large systems, RF and EW yield the same value of E .  

At present there remain two problems, one fundamental and the other practical, in 
applying the existing methodology to obtain values of E for point-charge water 
models. The fundamental issue stems from a calculation by Neumann [13, 181 on both 
MCY and TIP4P water that seemed to indicate that for these models the infinite 
system Kirkwood g-factor, g ,  (equation 4 below) increased with increasing tem- 
perature, as opposed to the decrease in g ,  with increasing temperature that occurs 
with real water. Neumann raised the possibility that this unrealistic behaviour may be 
due to an inadequacy in the MCY and TTP4P models. If this were so, i t  would 
compromise the usefulness of these models, at least in applications to electrolytes. The 
practical problem is the huge amount of computer time needed to generate reliable 
estimates of E for these models at liquid densities and room temperature. 

In this paper, we do three things. First we show, by working over a large tem- 
perature range, that the TIP4P model does in fact display the correct temperature- 
dependence of the Kirkwood g-factor. Second, we show that the SPC and TTP4P 
models yield reasonably accurate E values much more quickly when studied at 
elevated temperatures (i.e. 500 K-1000 K) than they do at - 300 K. We also demon- 
strate that the dependence of E on the “dipolar strength” function y (defined by 
equation 2) in the range - 300 K-1000 K is nearly linear for these models, so that e 
values at - 300 K can be obtained both reliably and (relatively) efficiently by a linear 
extrapolation from the moderately high-temperature regime. Third, we provide work- 
ing equations that can be used to generate values of E for TIP4P and SPC water over 
a wide range of temperatures and densities. 

THEORY 

For a sample of N particles, each with permanent dipole moment p, the finite system 
G-factor, G,, is defined as: 

Here M is the total dipole moment of the sample, in a particular configuration 
(’44 Z:=, p,) .  The angular brackets denote the ensemble average. For an infinitely 
long simulation, in the absence of external fields, the mean net dipole ( M )  will be 
zero. Thus G, is a unitless function that measures the size of the fluctuations of M in 
an equilibrated polar sample. 
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Neumann has shown that the correct fluctuation formula, in the RF approximation 
is [19]: 

E - I 2(E '  - ' ' 1 - 1  
= YcK E f 2  E + 2  2 E ' f  1 

where 

Here E' is the (arbitrary) dielectric constant of the surrounding continuum, KB is the 
Boltzmann constant, T is the absolute temperature, and p is the particle number 
density. The most convenient choice of E' in equation (2) is a which defines tin foil 
boundary conditions. With this choice we get: 

E -  1 
3 YGK - =  (3) 

as our working fluctuation equation for E .  Neumann has shown that equation (3) is 
also the appropriate fluctuation equation for the EW approximation with tin foil 
boundary conditions [16, 171. Thus, we used equation (3) as our working fluctuation 
equation in both our RF and EW calculations. 

The finite system GK is, in general, different from the infinite system Kirkwood 
g-factor, gk. However, the latter can be obtained from the former via equation (3) and 
the following equation [20]: 

( E  - I )  ( 2 E  + 1)  
= Ygk - 

9 E  (4) 

Both the TIP4P and SPC models have three distributed point charges rigidly 
imbedded inside Lennard-Jones cores. For both models and for both the RF and EW 
approximations, the total potential energy, U,  is given by: 

Here cLJ and crLJ are the Lennard-Jones parameters that characterize the soft cores, the 
first term gives the Lennard-Jones contribution to U, vfL is the electrostatic contri- 
bution to U, and r,, is the center-to-center distance between particles ''i" and 'y'. The 
inequality in parenthesis under the sum in equation (5) means that for both the RF  
and EW approximations, the Lennard-Jones interactions were set to zero for distan- 
ces beyond a cutoff distance &; i.e. we used spherical cutoff for the non-coulombic 
part of the potential. R, was always taken to be the cubic cell length. The expressions 
for UEL are long and so are given in the Appendix; the values of the parameters that 
characterize the TIP4P and SPC potentials are given in Table Al .  

CALCULATIONS 

Values of G, , and hence E and g,, were generated by Monte Carlo simulations applied 
to a canonical ensemble, using single-particle moves, periodic boundary conditions, 
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and force and torque biasing [21, 221. The potential energy of the system at each step 
was obtained by equations ( 5 )  and ( A l )  in the RF calculations, and (5) and (A2) in 
the EW calculations. 

The forces and torques used in the biasing part of the algorithm were those 
obtained solely from interactions within the central simulation cell. The RF or EW 
contribution to the force and torque on the central particle were both relatively small, 
so that we did not include them in the bias. The biasing parameter, A, for both forces 
and torques was taken to be 0.5, i.e. the biasing was only partially turned on [23]. The 
maximum move sizes were adjusted so that our acceptance rates were - 0.5. 

Our calculations for both the TIP4P and SPC models were done with 216 particles 
at a density of I .O g ~ m - ~  at a series of temperatures between 473 K and 3000 K. The 
RF approximation turned out to be considerably more efficient than EW, and so it 
was used for all except one of our runs. The EW approximation was run as an internal 
check on one of our TIP4P calculations (Table 1). 

For all the runs, we selected the initial configuration from a final configuration of 
a prior run carried out on the same model, at the same density, but at a different 
temperature. This configuration was used to start a 5 x los trial step pre-equili- 
bration run. The run length of 5 x lo5 was selected on the basis of energy equilibra- 
tion - we found that this number of trial steps was, in every case, more than enough 
to ensure that the internal energy oscillated without drift around an equilibrium value. 
Our data collection was then started and continued for between 1 x lo6 and 4 x lo6 
trial steps. Specific details are given in Table 1 .  

Our calculations were done on the Guelph FPS-164 Array Processor, the (GWC)’ 
SUN 3/280 and the Guelph IBM 4381. In every case, we used double precision 
arithmetic. 
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RESULTS AND DISCUSSION 

Our results are given in Table 1 and in Figures 1-4. From Figure 1, it is seen that, 
provided a sufficiently large temperature range is considered, g ,  for TIP4P water does 
decrease as T increases. Evidently, gk is very difficult to obtain accurately by simu- 
lation. Therefore, comparisons of g, values over increments of even several hundred 
Kelvin can be misleading. Clearly the uncertainty in gk can exceed the influence of T 
for temperature increments of several hundred Kelvin. By considering a temperature 
increment of several thousand Kelvin we avoided this problem. Despite the large error 
bars, Figure 1 shows that TIP4P water does give the qualitatively correct dependence 
of g, on T. 

We also mention that the uncertainties in E ,  that we report in Table 1, are not true 
standard deviations, but merely our best “guestimates” of the uncertainty. They were 
arrived at from a consideration of both the closeness of (M> to zero, and from the 
size of the fluctuations in E over the last half of the collection part of each run. 

Our results on the dependence of E on y are displayed in Figures 2 and 3 for the 
TIP4P and SPC models respectively. We also include with these plots, Neumann’s 
points [I81 at 293 K and 373 K (Figure 2) and the point of Watanabe et al. [12] for the 
SPC model at 300 K (Figure 3). 

As has been reported elsewhere [ 1 3, 18,241, we have confirmed through preliminary 
trial calculations, that the function GK (and so E or gk) converges very slowly for point 
charge models at liquid densities and temperatures at or below 373 K .  Specifically, 
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2.4 

gk 
2.0 

1.6 

1.2 

0.8 1 I 

5.6 6.0 6.4 6.8 7.2 7.6 8.0 

Figure 1 The temperature dependence of g, for TIP4P water. The erwL' bars were estimated Crom error 
cstiniatcs for c (Table I )  and equation 4. The straight linc has no theoretical significance - it was drawn 
10 shna that, when the uncertainties are included. g, decreases smoothly with T. 

40 

20 

0 
0.0 1 .o 2.0 3.0 4.0 5.0 6.0 

Y 
Figure 2 
are from Table 1 

c vs y for TII'4P water. ( 0 )  This work; (a) ref 18; (------) eq. (8); ( - - - - - )  cq. (6). Error estirnatcs 
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Y 
Figure 3 E vs y for SPC water (e) This work; (M) ref 12; (-) eq. (10); (- - -j eq. (9). 

80 

€ 
60 

40 

20 

n - 
0.0 1 .o 2.0 3.0 4.0 5.0 6.0 

Y 
Figure 4 E vs y for a Stockmayer potential, generalized Stockmayer potential, TIP4P and SPC water. (e) 
refs. 17. 19.25-27; (--- ) eq. 11. To avoid clutter. some of the points used for eq. (1 I )  are omitted from 
this Figure. ( m j  generalized Stockmayer potential (Lennard-Jones + dipole + quadrupole) taken from 
ref. 30. The curves for TIP4P and SPC water are from equations 8 and 10 respectively. 
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molecular dynamics simulations seem to require run lengths of 5 x LO5 - 1 x loh 
time steps in order to obtain reliable estimates for E when E is large [13, 18, 241. 
Assuming a conversion factor determined elsewhere [2 I ] ,  this is equivalent t o  
5 x 10' - 1 x lo8 single-particle Monte Carlo trial steps for systems of the size 
used here. For this reason. direct simulations for c with water-like models, at or 
around room temperature, are beyond the reach of most of us. 

However, an examination of Figures 2 and 3 reveals that unlike the Stockmayer 
potential (Figure 4), these point charge models display only a mild non-linearity in 
their E versus y dependencies. Since i s  a slowly varying function of T (equation 2) 
this slow variation of E suggests an efficient way to obtain c for these models at room 
temperature: a smooth extrapolation from results at moderately high temperatures 
( - 500 K to - 1000 K) where convergence is much more rapid. Note that the ten runs 
we report, collectively required - f  the CPU time that would be required for one 
simulation at room temperature. 

We demonstrate in Figures 2 and 3 that this procedure works. The dashed lines in 
each case are weighted, linear least-squares fits through our 500 K-873 K points for 
TIP4P water and through our 473K-773K points for SPC water. Wc used the 
reciprocal of the square of the uncertainty in each t' (Table 1 )  as a weight function. 
In two out of three cases (TIP4P at 293 K and SPC at 300 K), a linear extrapolation 
gives the same value of E ,  within the noise as Neumann and Watanabe er ul. have 
obtained directly but with much greater computer time expenditures. In the third case 
(TIP4P a t  373 K), the agreement with the value of Neumann is qualitatively good. We 
have therefore achieved a five to ten-fold improvement in efficiency by this simple 
procedure. 

The efliciency gain comes from the much faster convergence rates at  elevated 
temperatures and the slow onset of curvature in the c versus J] plots for these models. 
In Figure 4 we compare the I: versus y behaviour for TIP4P water, SPC water, the 
Stockmayer potential, and a generalized Stockmayer potential. 

The fact that the generalized Stockmayer point falls on or close to our fits suggests 
that the slow onset of curvature and the depressed values of E given 1- with the 
distributed charge models, are due to the disruptive influence of higher multipolcs on 
dipole-dipole correlations. 

We see no reason why this procedure should not be applicable to other distributed 
point charge models such flexible SPC water [24]. ST2 water, or others. The kcy 
requirement seems to be the existence of significant higher multipole moments. These 
are implicit in distributed charge models. 

Our fits can be used to generate values of F: over a wide range of T and/or g so they 
arc given below. As with the linear fits, the least-squares polynomial fits involved the 
use of a weight function taken to be the square of the reciprocal of the estimated 
uncertainty at  each point. The polynomial fits were constrained to give i; = 1 at 
J. = 0 .  

TIP4P (our Mmkl; E = -7.3 + 1 0 . 6 ~ :  1.849 5 J. 5 3.228 ( 6 )  
TIP4P (our work and r e f ' [ l N ] ) :  c = -8.7 + 1 1 . 4 ~ ~ ;  1.849 . \ $  -< 5.50 ( 7 )  

TIP4P ( o u r  work a n d r ~ f " i 8 / ) ;  i: = 1 + 2.80j, + 2.5771.: .2454~.': (81 

0 5 y 5 5.50 

SPC ( O W  work,!: 1: = ~ 7.1 + 1 1 . 3 ~ ;  2.261 5 J' 5 3.695 (9i 
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SPC (our work and ref [I2]): E = 1 + 5 . 6 7 ~  + .938y2; (10) 

Stockmayer Potential / 1 7 ,  19, 25-27]: E = 1 + 2 . 9 3 2 ~  + 4.210~’ (11) 

0 5 y 5 5.8 

- 1 . 3 2 3 ~ ~  + .6115y4; 0 5 y 5 3.31 
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APPENDIX 

For the RF  approximation, the electrostatic contribution to U for both the TIP4P and 
SPC model is given by [18]: 

In equation (Al) r(’ is the distance between charges “y” of molecule ‘‘2’ and “P” of 
molecule “ j ” .  All interactions between molecules “2’ and “j“ are set to zero if the 
center-to-center distance r,, exceeds the cutoff radius R,. As mentioned in the text, we 
used tin foil boundary conditions so that &kF = co and the term 
(eKF - l)(&kF + i) = 1 in equation Al .  

In the EW approximation, the electrostatic contribution to U, for both the TIP4P 
and SPC models, is given by [15, 28, 291. 

1 ”  

Here n is the lattice vector (nx, ny, n,) which specifies the position of an image cell 
relative to the central cell. The vector between charges ‘‘y” on molecule “i” and ‘‘P” 

on molecule “j”, for ‘7’’ and “j” in different cells is rf + nL. In equation A2, C means 
n 
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Table A 1  Parameters and geoiiietries that define the TIP4P and SPC potentials 
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TIP4P (S J SPC j h  J 

that when In1 = 0, i.c. when we are summing inside the central cell, the divergent term 
with 7 = 0 is omitted. The lattice vector sums are done sequentially over spherical 
shells of an infinite spherical lattice surrounded by a continuum of infinite dielectric 
constant. 2 is an arbitrary constant whose value is chosen to speed convergence. I t  is 
chosen so that only the In( = 0 term is significance in the erfc summation in the first 
multiple sum involving Z, Specifically, CI is chosen on the basis of how much error " f " .  
is to be tolerated by using this approximation. The remainder of thc infinite lattice 
sum is set to zero when the error in dropping a subsequent term is less than 6. That 
is. only lattice vectors having In/ 5 In/max are included. As r increases. the error in 
incorporating only In( = 0 in the first term decreases, but the required value of /n/,,,d,x 
increases. We chose a value of CI = 6 and (nlmay = 6. so that a total of 462 lattice 
points were included. With this choice the error was a few parts in 10' in the total 
energy per particle for 216 TTP4P particles a t  T = 500 K.  

1 <, 
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